This paper concerns elliptic curves defined over quadratic fields and having good reduction at all primes. All those real fields admitting such curves having a 2-division point defined over the field and a global minimal model are characterized. The number of isomorphism classes, over the ground field, of these curves is also determined. If the number of divisor classes of the field is odd, all the mentioned curves without a global minimal model are classified and counted as well. It is shown that there are only eight elliptic curves defined over a quadratic field having good reduction everywhere and four 2-division points defined over the field.
model. By a result of Setzer [4] , if 6 does not divide the number of divisor classes of K all admissible curves are ^-admissible.
In § 1 we characterize the real quadratic fields admitting ^-admissible curves in terms of the solvability of certain diophantine equations over Z. We also give an effective procedure for finding them all explicitly for each given K. The number of such curves is determined in §3. The set of j-invariants of these curves is seen to be infinite (Corollary of Theorem 3) unlike the case with rational j-invariant [5, Th. 4] . In §2 we prove that there are only eight elliptic curves defined over a quadratic field K having good reduction everywhere and four 2-division ^-rational points. There is no such curve if K is imaginary and there are two curves in Q(λ/7) and in Q(>/41) and four curves in Q(\/65). These curves are explicitly given in Theorem 2. In §4 we characterize the real quadratic fields with odd number of divisor classes admitting admissible curves. Finally in §5 we give a table containing models of all admissible curves defined over K = Q(\/d) for 2<d< 100.
^-admissible elliptic curves.
Throughout this paper-except in §2-K will stand for the real quadratic field Q{\fd), where d is a square-free positive integer. The symbols Oκ 9 &K > hχ;, N, tr will always denote the ring of integers, the group of units, the number of divisor classes, the norm and trace, respectively. We shall also use the notation x for the conjugate of x e K. The aim of this section is to determine all the quadratic fields K admitting a ^-admissible elliptic curve. They are characterized in the following way: THEOREM Every ^-admissible curve is has a model:
The following conditions are equivalent (i) There exists a g-admissible elliptic curve defined over K. (ii) Either of the following equations has a solution in integers u
( For primes φ dividing 2, we shall make constant use of the criterion for good reduction given in [4] . For quadratic fields, these conditions can be reformulated as follows:
LEMMA (Setzer) . (a) Let ty be an unramifiedprime dividing 2. Then an elliptic curve with model (1.9) has good reduction at <p if and only if A and B satisfy either of these sets of congruences:
a is integral and prime to φ. Let £ be an elliptic curve defined over K and having a model (1.9). Then, if Setzer's conditions are satisfied, we can find a suitable transformation to obtain a global minimal model for E. More 
Proof.
If E has such a model we shall be able to obtain a global minimal equation for it by means of a transformation:
The reader can check [7] for the explicit transformation formulae for the coefficients of an elliptic curve having a Weierstrass normal form. If A, B satisfy (a) of Setzer's lemma, we set in (1.10): U = 2, S = a, T = B/2, R = -A/2, 0 depending on whether the first or the second congruences are respectively satisfied by φ = 2. Otherwise, we set: U = 2, 5=1, i? = ^4-l, Γ = 4(m + nω) where φ is a prime dividing 2 such that φ|(^ + 2, ω), ω = (1 ± Vd)/2. Finally, if the congruences of (b) are satisfied, we set: , X = dzε, v = ε. In the case X 2 + 64 = u, proceeding as above we find that there are no solutions. Since every solution of (1.11) with ±u or ±υ G il^ leads up to the preceding cases, we can assume that ±u, ±v ^ H^ . In this case we have that uv = ±w 2 , w e U# . Setting uw = (r + s\[d)j2, r = s (mod 2), taking norms and having in mind that N(u) = N(v) we have:
Taking into account all possible signs for N (u) and N(w) we find in any case a finite number of possibilities for r and N(X), from which only the following ones provide effective solutions to (1. 
Proof. Let u, v G UK be a solution of (1.12) and let us assume first that N(uυ) = 1. Multiplying by ΰv both sides of (1.12) we get: Proof. Suppose that there exists a solution to (1.13) with N(uY) = 16. Multiplying by UY both sides of the equation we get:
Hence, φ 2 is principal generated by G = 2X/X. Replacing Y = N{u)uG 2 in (1.13) we obtain:
. 
Hence, if C = uY , we have:
so that the equations of (1.14) are satisfied, and from:
we have that X divides C ± 64 in D κ , which is equivalent to the congruence, l2Sn = sm (mod r). To see that the solutions given in (ii) do satisfy (1.13) we write: and we proceed as above to get the two remaining exceptional cases. D 
The equation (1.1) follows immediately from (1.15) and (1.16). Possibility (1.18) never holds because it would imply the existence of a unit u = 1 + 2\J~d (mod 4), which is impossible if d = 3 (mod 4). The equation (1.2) can be easily deduced from (1.17) and so does equation (1.3) from (1.19) together with the fact that the set of congruences in (1.19) is seen to be equivalent to:
as it can be easily checked by taking norms. Conversely, if we are given a solution of either (1.1) (1.2) or (1.3), following the possibilities listed above, we can clearly construct an elliptic curve E with a model (1.9) satisfying the conditions of Setzer's lemma, so that, by Lemma 1, E is ^-admissible.
To prove the equivalence between (ii) and (iii), we first apply Proposition 1 to equation ( (2) It is not difficult to check that every pair of diophantine equations of (iii) is not simultaneously solvable except for (1.7) and (1.
(3) The proofs of Theorem 1 and Propositions 1, 2, 3 give, in fact, a procedure for effectively constructing all ^-admissible curves for a given K. This will be treated even more explicitly in Theorem 3 below.
Admissible elliptic curves with four 2-division A-rational points.
In this section, the set of the elliptic curves defined over any quadratic field K = Q(Vd), with good reduction everywhere and all 2-division points rational over K is completely determined (see [2] ).
Let σ be the non-trivial Q-automorphism of K. We have: 2 , w e UA: , if ueίljc the curves are isomoφhic and if u gίlj. we obtain two nonisomorphic curves such that all curves with the same image by Φ must be isomorphic to one of them. Therefore, in this case, the number of ^-admissible elliptic curves defined over K (up to isomorphism) is just twice the number of units in 9), i.e., the number of integral solutions (r, s) of the diophantine equation: Arguing as in the preceding case we can show that Φ (A, B) eft. Moreover, the proof of the existence of two elements of 0 mapping to every / e S) is practically the same, but now, the curves E\, E 2 are given by: . Now, since B 2 /B x eii κ we have:
, ueίίκ> Hence, if u E il^ the curves are isomorphic, and if u 0 il^ we obtain two non-isomorphic curves only when JV(w) = 1, i.e., when the norm of the fundamental unit is 1, as we must have N{A\) = N(A 2 ) = -2 (mod 8). If both (1.5) and (1.8) are solvable we fall simultaneously in the two last cases, but, clearly, curves coming from different cases are non-isomorphic, so that the cardinal is the sum of the two last cardinals and the result follows.
If, at last, we assume that (1.7) is solvable we consider: = uH β . Now we show that either one or two elements of (S map to every C e S) depending on whether the norm of the fundamental unit is -1 or 1, respectively. If C e ft with tr(C) = r 2 , then from: Otherwise, proceeding as above we would have N(ύ) = 1 and, hence, ueίlχ so that the ^-admissible curve given by: A = rΉ, B = uH 4 , should have all the 2-division points rational over K, and Theorem 2 would lead to contradiction.
Let Ji, J r be the sets of ./-invariants of all ^-admissible elliptic curves defined over imaginary or real quadratic fields, respectively. Setzer ([4] , [5] ) has proved that /, and J r nZ are both finite. In fact, / / = {17 3 When these conditions are satisfied, the number of admissible elliptic curves is twice the number of positive integral solutions of (4.2) . None of these curves is g-admissϊble.
Proceeding as in §1, we solve the equation (4.1) before the proof of the theorem. Proof of Theorem 4. Let E be an admissible elliptic curve with model (2.1) and discriminant (2.2). Then, we also have:
where 21, 55, S) are ideals of £)# and 55 = D κ , 16O^, 40/^ or φ 4 . Since S) 12 is principal and 2 \ h k we conclude that Σ) 3 and, consequently, 2)05 are principal. If 2) is principal then by a dilation we get an admissible curve isomorphic to E with a model (1.9) so that by Lemma 1 a global minimal model for it can be obtained. Otherwise, the non-principality of 2) is equivalent to the non-principality of φ, where 9$ = φ 4 . In this latter case we may set:
From the discriminant we have: In the last case, the norm of the fundamental unit is 1 and, by the Remark at the end of §3, we have that only the plus sign is possible in (4.2). Now, it is easy to see that this equation is not solvable for these values of d. Hence, d must be a prime. In this case, the fundamental unit has norm -1 and only the minus sign is possible in (4.2). It is clear that the solvability of (4. To prove the last assertion of the theorem we count the number of admissible curves proceeding as in §3. Now, 0 will stand for the set of the isomorphic admissible elliptic curves. Notice that since d is a prime, d = 1 (mod 16) and φ is not principal, none of the conditions of Theorem 1 is satisfied. Hence, 0 will have no ^-admissible curves.
(2) In case 2 \ h^ , the diophantine conditions (iii) of Theorem 1 for the existence of ^-admissible models can be reformulated as follows. We get solutions to all these equations taking, for instance, d = 77, rf = 6, 22, 38, rf = 337, respectively.
5.
A table of all admissible curves defined over K = Q(Vd), 0 < d < 100. Let E be an admissible curve defined over K = Q(Vd)
) and
Ex

E3
E 5
Ei
E 9 En
E13 E\4
Eis
En
E19 E21
E23
E 25
E21 E29 E30 E31 E32 E33
E35
En
E39 E41
E43 E45 Ei = Ef_ { for every missing /, 0 < / < 46, where σ is the nontrivial automorphism of K. In each case, ε stands for the fundamental unit of the respective field.
All the curves listed above are ^-admissible except for d = 65, where E$Q , £32 , £35, £36 ? £39 and £40 clearly cannot have a global minimal model. This table has been computed using the results given in this paper. Fields having an even number of divisor classes have been treated in a straightforward way. None of them (excepting d = 65) supplies admissible elliptic curves.
